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2I. INTRODUCTION
The cosmic string [1, 2] is one of topological defects expected to appear in phase tran-
sitions in the very early universe. It has been actively researched as one related to the
evolution and structure formation in the early universe. A theoretically interesting thing is
that, in the limit of thin strings, the spacetime around the cosmic string is locally flat [1, 2]
except for a conical singularity. The behavior of quantum fields in the spacetime with such
a conical singularity, as a space with non-trivial topology realized in our universe, has been
extensively studied until now [3–14].
The study of the behavior of quantum fields in the vicinity of singularity may reveal the
feature of quantum gravity, which is incompletely defined at the present time. In particular,
the consequence of new theoretical models in non-trivial spacetime may give some hints for
quantum physics in strong gravity.
Now, there is a non-trivial expectation that the problems of divergence in quantum field
theory in the ultraviolet region will be solved by incorporating quantum gravity. Although
some kind of quantum-gravitational correction is considered to be added to the standard
quantum field theory, a number of models with non-locality or higher-derivative operators
has been studied [15–20].
We consider the model that Frolov and others first proposed [21–23], including an infinite
number of derivatives in the present paper. They originally considered such a model for
the regularization of physical quantities in field theory. Therefore, the divergence behav-
ior related to interacting fields is expected to be improved. In a previous paper [24], we
calculated the vacuum expectation value of a scalar field squared of the higher derivative
theories in a space with a conical singularity, which is equivalent to that around an ideal
cosmic string. It was confirmed that its behavior at a short distance from the singularity was
milder than that of the canonical scalar model. However, it is generally not clear whether
divergence cancels out for the physical quantity that is directly connected to gravity, such
as the quantum fluctuation of the stress tensor.
In this paper, we calculate the vacuum expectation value (in other words, quantum
fluctuation) of the stress tensor in the same background spacetime. For this purpose, we
adopt the method to obtain the stress tensor from the effective action developed by Gibbons
et al.[25].
3The organization of the present paper is as follows. In the next section, we formulate
the method to obtain vacuum expectation values of the stress tensor in the effective theory.
In Sec. III, we numerically evaluate the vacuum expectation values of the stress tensor in
the higher-derivative scalar field theory in a conical space. The results are summarized in
Sec. IV.
II. THE EXPRESSION FOR THE QUANTUM FLUCTUATION OF THE
STRESS TENSOR IN THE HIGHER-DERIVATIVE THEORY
In the present paper, we consider the following Lagrangian with higher derivatives on a
real scalar field φ:
L = −1
2
φ(x)
√− sinh[πl√−]
πl
φ(x) . (2.1)
Note that this reduces to the canonical massless scalar field Lagrangian if the ‘cutoff length’
l becomes zero. The Green’s function in momentum space of this model first appeared in
Refs. [21–23]. The Green’s function in flat configuration space can be written as [24]
G(x, x′) =
l
π
D−1
2
∞∑
k=0
Γ
(
D−1
2
)
[
|x− x′|2 + 4π2l2 (k + 1
2
)2]D−12 . (2.2)
It can be confirmed that the limit l → 0 reduces this expression to the standard massless
Green’s function.
The Lagrangian (2.1) can be written by using the infinite product as
L = − 1
2C
φ(x)(−)
∞∏
k=1
[
−+ k
2
l2
]
φ(x) , (2.3)
where  denotes the d’Alembertian and C =
∏∞
k=1
k2
l2
. Further, in order to apply the treat-
ment according to Ref. [25], we rewrite this in the form
L = − 1
2C
φ(x)
[
∞∏
i=1
Ai
]
φ(x) , (2.4)
where Ai = − +m2i , m2i = (i − 1)2/l2 (i = 1, 2, 3, . . .). Note that m1 = 0 in the present
model.
Gibbons et al.[25] recently constructed the stress tensor of general higher-derivative the-
ories from their effective Lagrangian. The effective Lagrangian with multiple fields reads
4[25]
L = − 1
2C
∞∑
k=0
ηk(x)Ak+1χk+1(x) +
1
2C
∞∑
k=1
ηk(x)χk(x) , (2.5)
where η0 ≡ φ and χ∞ ≡ φ. We further obtain the relations, ηk =
[∏k
i=1Ai
]
φ (k ≥ 1), and
χk =
[∏∞
i=k+1Ai
]
φ (k ≥ 1) from the iterative use of the equations of motion. In the present
case, the number of fields is infinite.
Then, the stress tensor of the theory is given by [25]
Tµν =
1
C
∞∑
k=0
[
∂(µηk∂ν)χk+1 − 1
2
gµν(g
ρλ∂ρηk∂λχk+1 +m
2
k+1ηkχk+1)
]
+
1
2C
gµν
∞∑
k=1
ηkχk , (2.6)
where gµν is the metric tensor of the background spacetime. From this expression, we
can obtain the vacuum fluctuation of the stress tensor 〈Tµν〉. To estimate the quantum
quantities, the fundamental basis is the Green’s function1
〈φ(x)φ(x′)〉 = G(x, x′) = C∏∞
i=1Ai
1 , (2.7)
where 1 denotes a covariant delta function 1√
|g|
δD(x, x′) in this symbolic expression. From
the Green’s function and the relations to the original field φ, it turns out to be
〈ηk(x)χk+1(x′)〉 =
[
k∏
i=1
Ai
]
x
[
∞∏
i=k+2
Ai
]
x′
〈φ(x)φ(x′)〉 = C
Ak+1
1 = C∆k+1(x, x
′) , (2.8)
where ∆k+1(x, x
′) is the canonical Green’s function of a scalar field with mass mk+1. Simi-
larly, one finds 〈ηk(x)χk(x′)〉 = C1. Note also that m2k+1〈ηk(x)χk+1(x′)〉 − 〈ηk(x)χk(x′)〉 =
〈ηk(x)χk+1(x′)〉, since χk = Ak+1χk+1.
Consequently, we find a fairly simple expression for the quantum fluctuation of the stress
tensor:
〈T ρσ 〉(x) = lim
x′→x
∞∑
k=1
[
∇ρ∂σ′ − 1
2
δρσ(∇λ∇λ
′
+∇λ∇λ)
]
∆k(x, x
′) . (2.9)
In the next section, we evaluate the vacuum expectation value of the stress tensor near a
thin cosmic string using the expression obtained above.
1 Because the Green’s function is proportional to ~, the quantum fluctuation we treated here is dubbed as
the one-loop quantum effect.
5III. NUMERICAL CALCULATIONS OF THE QUANTUM STRESS TENSOR
AROUND A CONICAL DEFECT
Now, we can express the vacuum expectation value of the stress tensor, or the quantum
stress tensor, in the present model as
〈T ρσ 〉(x) =
∞∑
k=1
〈T ρσ 〉k(x) , (3.1)
where
〈T ρσ 〉k ≡ lim
x′→x
[
∇ρ∇σ′ − 1
2
δρσ(∇λ∇λ′ +∇λ∇λ)
]
∆k(x, x
′) , (3.2)
where ∆k(x, x
′) is the canonical Green’s function of a free scalar field with mass mk. Note
that the value of 〈T ρσ 〉 is still a ‘bare’ quantity (see, for example, Ref. [8]). When we consider a
non-trivial background spacetime, we should understand that the physical quantities are the
differences of the quantities from those obtained in the trivial, flat and infinite spacetimes.
We examine the vacuum expectation values of the stress tensor in a conical space. A
conical space, or a space with a conical singularity at the coordinate origin, is described by
the metric
ds2 =
D−2∑
i=1
(dzi)2 + dr2 +
r2
ν2
dθ2 , (3.3)
where ν is a constant greater than unity. This metric is equivalent to
ds2 =
D−2∑
i=1
(dzi)2 + dr2 + r2dθ˜2 , (3.4)
where the range of θ˜ is 0 < θ˜ ≤ 2π/ν. This metric adequately describes a locally flat
Euclidean space except for the coordinate origin if ν 6= 1. A Lorentzian spacetime with a
deficit angle is often employed as a model space around a mathematically idealized straight
cosmic string [1, 2]. To obtain the quantum quantities in the spacetime, we have only to
employ the spacetime with the Euclidean signature.
The explicit form of the standard Green’s function ∆k(x, x
′) in a conical space has already
been known [10, 11, 13, 24, 26]. To emphasize the difference from the flat space without
the singularity, it is natural to define ∆¯k(x, x
′) ≡ ∆k(x, x′) − ∆k(x, x′)|ν=1. Then, we find
[24, 26]
∆¯k(x, x
′) = ∆¯k(r, r
′, ϕ, ζ)
=
∫ ∞
0
ds e
−
r2+r′
2
+ζ2
4s −m
2
ks
2pi(4pis)D/2
∫ ∞
0
e−
rr′
2s
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi)
− ν sin ν(ϕ˜+pi)
cosh νv−cos ν(ϕ˜+pi)
]
dv , (3.5)
6where x = (r, θ, zi), x′ = (r′, θ′, z′i), and ϕ˜ = θ˜ − θ˜′ = ϕ/ν = (θ − θ′)/ν. Using this
‘renormalized’ Green’s function, we define the renormalized vacuum expectation value of
the stress tensor 〈T¯ ρσ 〉 as2
〈T¯ ρσ 〉 ≡
∞∑
k=1
lim
x′→x
[
∇ρ∇σ′ − 1
2
δρσ(∇λ∇λ′ +∇λ∇λ)
]
∆¯k(x, x
′) . (3.6)
In the present model, we thus find
∞∑
k=1
∆¯k(x, x
′)
=
∫ ∞
0
ds ̺(s) e
−
r2+r′
2
+ζ2
4s
2pi(4pis)D/2
∫ ∞
0
e−
rr′
2s
cosh v
[
ν sin ν(ϕ˜−pi)
cosh νv−cos ν(ϕ˜−pi)
− ν sin ν(ϕ˜+pi)
cosh νv−cos ν(ϕ˜+pi)
]
dv , (3.7)
where
̺(s) ≡
∞∑
k=0
e−k
2s/l2 =
1
2
[
1 + ϑ3(0, e
−s/l2)
]
=
1
2
[
1 + l
√
π
s
ϑ3(0, e
−pi2l2/s)
]
, (3.8)
where ϑj(v, q) is the Jacobi theta function.
Now, we can evaluate the expectation values of the stress tensor in the present higher-
derivative theory, very efficiently using these expressions (3.6) and (3.7).
In Fig. 1, we illustrate the l/r dependence of the quantum stress tensor in the present
model for D = 4. The limit of l = 0 gives the standard result with a canonical massless
scalar field [3–13]: r4〈T¯ rr 〉 = −13r4〈T¯ θ˜θ˜ 〉 =
(ν2−1)(ν2+11)
1440pi2
and r4〈T¯ ii 〉 = − (ν
2−1)(19−ν2)
1440pi2
. The
correction due to the scale l has significant dependence for a fixed r. The absolute values
of the components of the quantum stress tensor become larger for larger l. This behavior is
due to the summation form of the stress tensor, in which there is no cancellation as observed
in the vacuum expectation value of the scalar squared [24].
In Fig. 2, we show the r/l dependence of the quantum stress tensor in the present model.
Note that, in Fig. 2, the values near r = 0 is cut by a certain finite value. The values at
r = 0 are still infinite as in the case with the canonical scalar field [3–13].
IV. CONCLUSION
In this paper, we calculated the quantum fluctuations of the stress tensor of a higher-
derivative scalar field model [21–23] in a conical space which looks like a spacetime around a
2 At the present stage, one can explicitly check limx′→x(−x+m2k)∆¯k(x, x′) = 0, and thus in this expression
of the renormalized stress tensor the former assumption of m1 = 0 is irrelevant.
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FIG. 1. The quantum stress tensor regulated as r4〈T¯ ρσ 〉 for D = 4 are plotted against the cutoff
length l divided by the distance from the origin r in the present model, where (a) for (ρ, σ) = (r, r),
(b) for (ρ, σ) = (θ˜, θ˜), and (c) for (ρ, σ) = (i, i).
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FIG. 2. The quantum stress tensor regulated as l4〈T¯ ρσ 〉 for D = 4 are plotted against r/l in the
present model, where (a) for (ρ, σ) = (r, r), (b) for (ρ, σ) = (θ˜, θ˜), and (c) for (ρ, σ) = (i, i). Note
that these values diverge near r/l ∼ 0, the numerical values near r/l are expressed up to a finite
cut in the figures.
cosmic string [1, 2]. We adopted the stress tensor based on the effective theory of Gibbons et
al.[25]. In general, the quantum stress tensor of higher-derivative scalar theories without self-
interaction is expressed as a simple sum of quantum stress tensors of free massive scalar fields.
Therefore, it was found that there is no cancellation that would appear in the behavior of
Green’s function and the vacuum expectation value of a scalar field squared [24]. Numerical
calculations reveal the dependence of the quantum fluctuation of the stress tensor on the
parameter l corresponding to the cutoff length included in the theory. It was also confirmed
that results coincide with those obtained with the canonical massless scalar field theory [8]
8in the limit of zero cutoff.
When we introduce self-interaction or interactions of multiple fields, the quantum aspect
of higher-derivative theories becomes completely non-trivial. This is because the form of
effective interaction becomes inevitably complicated due to the redefinition of the field in
effective action. However, if we proceed with utilizing symmetries such as gauge symmetry,
we may be able to study physical quantities in certain restricted theories. In addition, it
is worthwhile to consider the compact space defined by the boundary condition on fields,
where we can perform calculations with considerably ease.
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